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Abstract. Based on the analysis of group-chain scheme wavefunctions and the use of the
constraint condition set down by the ratios of crystal-field parameters calculated by the point-
charge model, the crystal-field-level fitting and the study of Zeeman interaction characterized by
the g-factor in EP* : LiYF 4 have been carried out, in which the*Erions occupy positions with

point symmetry $. The RMS of energy-level fitting is less than 8 thpand the corresponding
wavefunctions of Stark sublevels are useful in the calculation oftfectors of the ground and
excited states. The calculated results agree well with the experiment and confirm Karayianis’
partial g-sum rule. The method proposed turned out to be effective in the study of not only the
spectroscopic and laser properties but also the magnetic properties of rare-earth ions in crystals.

1. Introduction

The scheelite crystal lithium yttrium fluoride (LiFis one of the most versatile materials
investigated thus far. As for triply ionized rare-earth ions in LiY Raminskii [1] list 36

lasers at different wavelengths. Interest if*Er LiYF 4 stems from several factors including
efficient quantum counter action, long-lived strong fluorescent levels and a wide range of
laser emission at infrared wavelengths (0.85-218) [2-5]. Very recently, the room-
temperature-pumped continuous green wave laser emission demonstratéd inLEfF 4

is even more fascinating [6, 7]. It is important to study the detailed structure of energy
levels in order to improve the device efficiency in the above mentioned application. We
would like to use the method of a group-chain scheme + constraint condition by the ratios
of crystal-field (CF) parameters, which was proposed by one of the present authors before,
to investigate fully the energy levels of ¥r: LiYF4. However, this time we study its
magnetic properties rather than its spectroscopic characteristics to show that the method
introduced is widely applicable.

Conventional CF theory has been extensively used in energy-level and spectroscopy
analysis of rare-earth crystals. Karayianis [8] has analysed the energy levels and magnetic
splitting of EF*. His theoretical calculations yielded excited-statéactors for all levels
of the 41 term. Additionally, Karayianis [9] and Kulpa and Karayianis [10] discussed a
partial g-sum rule which could allow the use gffactors for spectral interpretation without
the need for elaborate calculations. It was Butler [11] who first introduced the group-chain
scheme to investigate how the effect of the environment of the ions may be written in terms
of tensor operators which have point-group symmetry. Since the coupling coefficients and
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the tables in Butler’'s book offer fundamental simplification, it is more convenient to fit the
energy levels of the localized centres in crystals, which generalize the calculation of matrix
elements.

In previous work, the CF of low-symmetry active ions in laser crystals, such & Nd
in YVO4 [12], NdAI3(BOz3)4, and YAL(BOz3)4 [13], was analysed in detail based on the
group-chain scheme. In Nt : YVO,4, Nd®* ions substitute on the ) sites of ¥+ ions.
Naturally, a group—subgroup chain is selected @s500;, D Ty D Doy In ER* : LiYF,,

Er¥t jons occupy positions of Ssite symmetry. Noting that the,Soint group is the
subgroup of B;, we choose the extended group chaig © O, D Ty D Dyy D Ss. In
actual calculation of the energy levels of%Er: LiYF4, we may utilize the results for
Nd®+ : YVO,.

2. Group-chain scheme analysis

Consider the group chains® O, D T, D Dyy D S; the detailed CF Hamiltonian can be
expressed in Butler's notation as

4 g ar
Her = C3oagb5i20 + Coroobdroo + iClgbl e+ C3+20b3+20 + Co-00P5-00

6t 6 6"
HCP b2 15+ Coea0b5iz0 @

Here b"vE are the basis functions of the group chaip © O, > T; D Dy D S4 and
are identical with|kuv£0) in [11]; C* e are the expansion coefficients éf.; by these
bases. Because all the basis functlons belong to the 0 representatipindh& calculation
concerned, the index 0 for the, §roup has been omitted in equation (1).

Based on the conventional CF analysis [14], can also be expressed as [15]

H.t = B20C20+ B4gCao + RB44(Cas + Ca_4) + i1 Baa(Cas — Ca—a) + BeoCeo
+RBss(Cos+ Co—_4) + il Bea(Ces — Co_s) (2
whereR B, andI By, represent the real and imaginary components, respectively, of the CF

parameterBy,. It can be easily shown that the relationship between the CF parameters of
the two different schemes will be

Byg —(4 )1/2C2+20 C2+20 = _(§)1/2320
Bao = 2(35>1/2[ (PY2CG00+ 3(Y2Coin0
21172 30Y2
C0+00 - 2(375)1/2 ( B4O + RB44>
6 6 . (3)
35
RBys = 2( 35)1/2[ ( )1/2Co+00 ( )1/2C2+20 C:Lllilo 2 ———1 By

152 4212
[Bua=2Z)"HYC s Chap=3(DY? (6340— S RB44)
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and
Beo = 4(,3) " [~ 3(3)"*Coioo+ 3()°Coing

2311/2 ( 21/2 71/2 )

C0+00 T _7360"‘ 7RB64

4 2
7Y . 4622 4)

RBﬁ4 = 4(27]?-’1)1/2 < 4 CO*OO + C2+20> Cf+10 TIB64
23142 (1442

4 ( 4
In Er¥* : LiYFy, the EP* ion contains 11 4f-shell electrons and is an odd-electron system.
So its CF Hamiltonian is a time-reversal invariant, which leads to Kramers degeneracy of
the energy levels.

As shown later, all the Stark levels are doubly degenerate and their wavefunctions have
the following conjugate relationship:

a
V= E C rapaza,|001G20304)

aazazazdg

V= Z (Co arasas) 1aa102030G )

aajazazdg

IBes=4(75)"?()Y?CS ;  Coip= Bso+ R364)

®)

and so only one set of basis functiods need to be taken into consideration during the
calculation of the Hermitian matrix elements.

The matrix elements of the CF Hamiltonian in the group-chain scheme can be calculated
by means of the Wigner—Eckart theorem and the factorization lemma of jiheféctors
[11]:

a a
(aasazasl Hlbpsbabab) = 3 ch | o || o2 ]| 2] ]

kuvé

a* k b |r|al wu by|ri|a; v bz] ra
Ll v RlnlE ¢ Rl
aék g b3 | r3 k
X[a;; 0 b] (al|b™]|b) )
(@llb*|1b) = (f"SLa||lUP | f"SL'b)4fICP||4f). )

As usually adopted in this field, the reduced matrix elements (RMEYLa||[U® || f*SL’'b)
are calculated under the intermediate-coupling approximation [16-18] and are listed in
appendix 1. All the 2m and 3jm factors can be found from [11].

3. Energy levels fitting and wavefunctions

Because the separation of the concerned low-lying spectroscopic terms oftheiEare
sufficiently large, the effect of mixing is small in the E¥* : LiYF, crystal. J remains
as a fairly ‘good’ quantum number [16]. Therefafemixing was ignored in the following
calculation.

The method introduced here differs from Karayianis’ [8] method. The energy-level
fitting is performed by two steps instead of by diagonalizing a combined spin—orbit and
CF Hamiltonian. First, free-ion wavefunctions in a Russell-Saunders badisstaftes are
obtained by diagonalizing a Hamiltonian containing the Coulomb and spin—orbit interactions,
and thus we can compute the RMEWf® (k = 2, 4, 6) between all the intermediate-coupled
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wavefunctions representing the multiplets of the electronic ground configuration of the free
ion. Second, matrices (such asx8 of 4115/2, 7 x 7 of 4113/2, etc) representing the CF
interaction are diagonalized simultaneously for sevéYalL ; states for which data on the
experimental energy levels exist, and the CF parameters are determined in a least-squares
fit to the data. Here we assume that the centres of gravitly moiltiplets are invariant even
in the CF interaction, because the effect/omixing is negligible.

On the basis of the group—subgroup chain ©® 0, D T, D Dy D S4, some of the
wavefunctions of the 4f configuration in E¥* at the § symmetry position are expressed
as linear combinations of the bagig"SLJuvén) in the group-chain scheme, where
v, & andn are the irreducible representations of,@,, D,; and S, respectively. From
equation (6), the detailed matrix elements of f15g/2, *Fo 2, *Io/2, *111/2, #1132 and*I1s,7
spectroscopic terms can be obtained. Taking into account the structure distortion when the
Er¥t ions occupy some of thedY sites [19], the CF parameters are calculated by the simple
point-charge model:

2

e 47
Apn = ————(=D)"Y (0, ¢;). 8
zj:R;?+12n+1( )Y, 6, 07) (®)
Consider the shielding factors of %® shells and the scaling parameters of the bare
Hartree—Fock wavefunction [20]:

Bum = onAum. (9)
With Er¥*, p, = 0.1706, p; = 0.4126 andps = 0.9826. During the lattice sum oA,,,,
B4 can be made real by a rotation about thexis, i.e./ B44 = 0. Thus the fitting number
of CF parameters is reduced to six. Using equation (4), the initial valuesand, r,,

the ratios of the same rank of group-chain parameters can be obtained, which are listed in
tables 1 and 2. Note that

A+ 6t ~ 6t
ro = C2+20 1= 1+10 y = C2+20
= = 6t = e -
C0+ 00 C‘OJr 00 C‘OJr 00

The absolute values of these ratios can be seen as a measure of the degree of symmetry
distortion of the system [13].

Table 1. CF parametersy, for Er3* : LiYF 4.

Bog Byo Bya Beo RBeg 1 Beyg Reference

361.59 —621.29 1141.97-100.65 32656 66.51 Point Charged model
314  —625 982  -324 584 171 [21]
364.13 —281.41  493.35 —4551 15570  31.67 Fitting results

Table 2. Group-chain parameters and constraint ratios

2+ 4t 4t 61 6t
C2Jr 20 CO*OO C2Jr 20 C0+00 C1+ 10

—44286 1185.52—-3419.0 1758.97 357.39 262.672.8839 0.2032 0.1493 Point Charged model
—44597  492.44-14945 843.79 170.17 134.053.0349 0.2017 0.1589 Fitting results

"
CSpo 70 1 o Reference

By using the ratios listed in table 2 as constraints in the least-squares fitting, only one
minimum was obtained. Further work in the fitting is to adjust the ratios to minimize the
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Table 3. Comparison of the observed and calculated energy levelsgéadtors of EfF* in

LiYF4 at 77 K.
J Energy (cnm?) ]
multiplet T Experimentdél ~ Theoreticdt ~ Experimentél Theoreticdt ~ Theoreticél
4832 7,8 18497 18495.24 2.00 2.00
5,6 18438 18439.76  —5.26+ 0.04 —6.00 —6.00
4Fo/2 5,6 15477 15480.35 1.73
7.8 15425 15426.87 —4.07
7.8 15349 15343.63 —3.62
5,6 15333 15332.97 0.94
7,8 15314 15314.19 844 0.25 11.69
4Io/2 7.8 12667 12671.66 1.21
7.8 12572 12559.07 —2.28
5,6 12546 12541.13 1.63
5,6 124838 12 496.49 -0.17
7.8 12369 12369.00 3.25
‘hae 7.8 10355 10355.26 5.88
5,6 10320 10323.44 —-8.43
7.8 10303 10305.62 —3.89
5,6 10285 10284.58 2.12
5,6 10239 10240.85 —2.37
7.8 10222 10234.23 444 0.07 0.89 1.23
43 5,6 6738 6746.98 —8.99 -9.35
7.8 6724 6725.73 B6+0.10 5.93 7.13
5,6 6696 6700.51 9.69 9.48
7.8 6672 6656.05 —4.07+0.11 —3.80 —5.37
5,6 6580 6587.11 4.03 5.57
7,8 6540 6535.46 B7+0.18 1.20 1.54
5,69 6536 6534.15  —1.13+0.47 —-0.30 —1.24
42 5,6 354 361.74 12.00 10.58
5,6 326 327.38 —9.65 —8.77
7.8 289 282.07 —9.62 —12.03
7.8 250 240.85 4.12 7.89
7.8 55 62.00 —2.384+0.13 —-0.73 —0.81
5,6 26 30.83 (1+0.13 —0.45 —-0.37
7.8 16 7.72 7974020 —8.17 —11.06
5,6 0 3.41 31374 0.003F 2.91 3.35
RMS 7.95 1.09 2.01

@ Spectrum observed by Petrov and Tkachuk [22].

b Present results.

¢ Kulpa’s [23] electron paramagnetic resonance EPR data.

d Karayianis’ [8] parametrized fit.

€ EPR data of Sattler and Nemarich [24].

f Estimated value according to our fitting.

9 Fitting results of this paper. In Kulpa’s paper, the ground stat‘é[gf/z isT'7s.

RMS deviation of the energy levels. In table 2, comparisons of the initial and final even-
k parametersCl’jUS (cm™Y) and the corresponding ratios are given. The experimental and
fitting energy levels are compared in table 3. The group irreducible representations of Stark
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sublevels are also shown.

(EEXP Etheo)Z
RMS = Z T (10)

The RMS of fitting results is less than 8 th which shows that calculated eigenvalues
agree well with the experimental energy levels [22].

The eigenfunctions of the Stark sublevels of 88,2, *Fo/2, *Ig/2, *I11/2, *I132 and
“1,5/2 manifolds are normalized and listed in the order of decreasing energy in appendix 2.
In the case of the Spoint group, Butler's notation% andg correspond ta's and I'g
respectively, of Bethe’'s notation.

Owing to Kramers degeneracy, another set of conjugate eigenfunction of Stark
sublevels, which belongs tBg andI'; (or —% and —g) of the § point-group irreducible
representations, is omitted in appendix 2. By using the eigenfunctions abovefdhtors
of EPR can be further calculated.

4. The Zeeeman interaction

Because of the existence of time-reversal symmetry T :EiYF,, all the Stark sublevels
are doubly degenerate even if all these levels completely split by the CF interaction of S
point symmetry. Degenerate CF levels will be split in a magnetic field, and the magnitude
of the splitting, which can be characterized by-tensor, depends on the external magnetic
field and eigenfunctions of CF concerned.

Karayianis [8] had reported a theoretical calculatiorgefctors of the Stark sublevels
of the 41 term by the conventional CF method, which did not agree well with Kulpa’s [23]
experimental values. In this paper, thedactors of the ground and excited states of the
48372, *Fo/2, *lg)2, *I11/2, *1132 and*I15/, terms are calculated on the basis of group-chain
scheme analysis.

According to equation (4.2.9) of Butler [11], the Zeeman Hamiltonian can be expressed
as follows by the basis of the group chain © O, > T; D Doy D Su:

D (CUTTIO 4 Ut Ty €U Y Y (| Hyllaz o) (12)

Otljlazlz

whereU "% (¢8 = 00, 11, 1— 1) is an Q unit tensor of the above group-chain scheme,
andC;(i = 0, +1) depends on the relationship between the laboratory (Zeemaxis and
the crystalx, y, z axes.

Generally, the Zeeman interaction is much less than the CF interaction so that we can
deal with the external magnetic field as a perturbation and use the wavefunctions of the CF
energy levels as zeroth-order approximate wavefunctions to analyse the magnetic splitting.
There are two different situations which should be discussed separately.

4.1. Magnetic fieldd along the crystalz axis
In this situation, the Zeeman Hamiltonian can be written as

Y Uy, apd) (a1l Hy lloz o). (12)
ayJ100Jo
Using bases of the group chain® O, D T; D Dy O S4, the matrix elements of Zeeman
effect can be expanded as

(Ot SL Ja1a2a3a4 | HZ |OtSL Jb1b2b3b4)
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= Z (aSLJa1a2a3a4|U1+l+100(011J1, Olg]z)|0[SLJb1b2b3b4)
ayJiaa /2
X (a1l Hz e J2). (13)
The matrix elements of the unit tensoit' 1'%, J;, @, J5) are zero unless all operator
parentage labels match the state parentage labels. Using this, the summation vanishes and
equation (13) is given by
(@SLJarazazas| U Y 0% SLT, aSLJ)|oSLJIb1bobsba)(aSLJ || HyllaSLJ). (14)
By using the Wigner—Eckart theorem it can be factorized as
J J* 1t J7 O3
ax (II 1t b]_ Oh
(@SLJIUY (@SLJ, aSLJ)|aSLJ)(«SLJ|Hz|aSLJ) | as | | a5 1 by | T,. (15)
az || a5 0 b3 | D
as a; 0 bsd &
Now the RME of the unit tensor operator is unity and thus vanishes. By further factorizing
the 2jm and 3jm factors, we obtain

JI[7 1t g r|al|ay 1t bi]ri|a
2 wsenmesen |20 3 g L [a)[d 1 nlale
a;lbz r2 | as a§6b3 r3
- 16
X[a;; 6 bs]rs[m“az 0 byl (16)
(@SLJ|HzllaSLI) = BHgsps/J(J + 1)(2] + 1)

JUJ+1D) —LIL+D+SS+1)
2J(J+1)

where

(17)

gsty =1+(gs—D

gs ~ 2.00232

Observe that the Zeeman interaction is ars&alar; so &,,,, arises in the above formula.
If we use jm tables and consider the eigenfunction of each Stark sublevel which belongs
to theI'g(3/2) or I's(1/2) irreducible representation of the $1en we have

1
(aSLJarazazas| Hz|aSLJbibobsbs) = 7 BHgsr,[J(J +1)(2J + 1)]Y?

J 1t J|r|a 1Y bi|lrifa 1 by|r
er122r2r3|:a1 1+ b1:| ri [az 1 b2 rg | as 6 b3 l’3. (18)

The corresponding matrix element of another degenerate eigenfunction which belongs to
the I}(—%) or FG(—%) irreducible representation of the 8roup can be obtained similarly:

-1
(«SLJ aragas — aal HzlaSLIbibobs —ba) = 2 pHgse sl (J +1)@] + )2
J 1t J r | ax 1t bi|r|ax 1 by | 2
erlzrzrg[al 1t b1:| ri [ag 1 bz ra | as () b3 }’3' (19)

So theg-values, which characterize the splitting energy of the doublet for a given magnetic

field, can be written as
AE(F5,6) 2(()[5L./611612613614|HZ|O[SL.]b]_b2b3b4)
81 (I'sp) = BH BH
AE(F7’8) - 2(0{SLJa1a2a3a4|HzlaSLJb1b2b3b4)

BH BH

(20)

g1(I'78) =
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Here a convention is established by which positive or negagjvare defined [9]. The
expression forg;-values of all the Stark sublevels of th6s2, *Fo/2, *Io/2, *I11/2, *I13/2
and4115/2 terms are listed in appendix 3. Thg-values are listed in table 3.

Comparing the results obtained with the experimental values of Kulpa [23] and the
theoretical values of Karayianis [8], the RMS of the present paper (1.09) is obviously less
than that of Karayianis (2.01). Thg-value of the ground statds» (2.91) is also in good
agreement with experiment (3.137).

In order to confirm the reliability of the analysis, we may sum all gatactors over
levels belonging to a particular irreducible representation (Bsg) of a particular®+1L
state to check the partigl-sums rule [9]. In essence this rule refers to an approximate
invariance of the trace of the Zeeman interaction when the summation is taken over states
of the same group characterization within a given JLS multiplet. The results of the sums
are compared in table 4. The good agreement shows that group-chain scheme analysis, by
using one set of the CF parameter ratios as the constraint condition, is not only useful in the
study of spectroscopic properties of laser crystals [12,13] but also valid in the theoretical
calculation of magnetic properties.

Table 4. Comparison of partia¢ sums with theoretical values for thé term of ER in LiYFy,
whereu is the crystal quantum number.

r7(=3) Is(3)
J p=3" EP p=32 ErP
4lo/2 2.18 218 1.45 1.45
ha 2.90 2.88 -8.69  —8.68
43 3.32 332 443 4.43
4115/ -14.40 -14.41 4.80 4.81
G4.(6,3/2) —6.00 —6.03 2.00 2.01

2 From table VI of [9].
b Our present fitting results.

4.2. Magnetic fieldd perpendicular to the crystat axis

Suppose that the external field is along the direction of Xhexis; then the Zeeman
Hamiltonian will be
1 +1+11-
Hz = Z U M, apdp) — UMY M N, epdo) e il Hz llaz ).
.]10[2]2 ﬁ

o1

(21)
For example, consider thg, -factor of the4ll5/2 ground state, i.ef‘115/2(1“5,6). The
derivation of the Zeeman matrix elements is similar to section 4.1. Also we have

(OtSL Ja1a2a3a4|HZ |OtSL Jb1b2b3b4)
1 as D2d J 1+ J r
= = Z <aSLJ||HZ||aSLJ)[aJ S [al 1+ bl] "
1 bz] rp

frr1r2r3r4
by |rn|a
b2 ro | as 1 bg r3

2

ag 1+

X|:a2 1

« as 1 b3 r3 . as 1 b3 r3
a;{ 1 b4 rgq aj -1 b4 ra ’

(22)
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Dissimilar to section 4.1, the diagonal matrix elements are all zero (table 5)
Hip = 3Hg(PM LI (] +1)(2J + D]Y?

« Z |:J 1+ J]r |:a1 :I.+ bl]rl[az 1 bz]rz
Fratars ag 1+ b]_ ry | az 1 b2 ra % 1 % rs3

= BHg(*I15/2) F(C1, Ca, C3, Cy) (23)

where F(Cy, C2, C3, Cy) is a function of C; (i = 1,2, 3,4), the linear coefficients of
corresponding group-chain wavefunctions, and can be calculated using appegdixan
be obtained by diagonalizing the abovex2 matrix. Finally we obtairg, = 8.28, which
agrees well with the experimental value (8.105) [24]. The valug,ofs much larger than
that of g (3.137). It shows large anisotropy of the ground-siatensor.

Table 5. The Zeeman matrix elements of tf‘lels/g(r‘s,e) ground term.
Hy I's Is

I's 0 Hi»
I's Hqo 0

5. Conclusion

Group-chain scheme analysis has been carried out for the iBn LiYF4 in S, low-
symmetry sites and the CF energy-level fitting has been performed by using the constraint
condition introduced by the ratios of the CF parameters calculated by the simple point-charge
model. With the aid of the least-squares fitting programs, the group-chain parameters with
real physical meaning and the wavefunctions of Stark sublevels belonging to the manifolds
453/2, 4Fg/2, 419/2, 4111/2, 4113/2 and4115/2 have been obtained.

The existence of an external magnetic field lifts the Kramers’ degeneracy of
spectroscopic terms of &r : LiYF4, and Zeeman splitting occurs in CF energy levels.
The theoretical formula for thg-factor has been completely deduced from the analysis
introduced. On the basis of the wavefunctions obtainedgtfaetors of ground and excited
states of the terms concerned are calculated, which agrees well with the experiment and
confirms the partiag-sums rule of Karayianis. As shown in table 3, the RMS value for
g-factors calculated in this paper is half that published in [8]. This fully demonstrates that
the constraint condition used certainly represents the physical reality, which not only can be
used in the study of the optical properties but also can be applied to investigate the magnetic
properties of crystals doped with rare-earth ions. It also can be seen that the observable
macromagnetic properties are connected with the group-chain parameters determined by the
microstructures of the crystal.

One of the great advantages of group-chain scheme analysis is that the system’s
symmetry properties of the irreducible subspaces and eigenstates can be obtained by utilizing
simple group theory. The same method can be introduced into the study of other physical
properties of localized centres in the crystals.

Appendix 1

The reduced matrix elements of?Ufor Er*+ are given in table A1.1.
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Table Al.1. Reduced matrix elements of®) for Er3t.
(frSLINUP| frSL' ')
aSLJ-aSL'J k=2 k=4 k=6
483/2—4S3/2 0.2036 0 0
4S3/0~*1g/2 0 0.2700  0.5060
483/—*11)2 0 0.0608  0.2809
4S32—2hz2 O 0 0.5900
483/—4I15/2 0 0 0.4780
4 Fo/—*Fo/2 0.3132 0.2883 0.2017
4lg/~1g/2 0.0015 0.2674-0.8637
4111/2—4[11/2 —0.2697 0.1703-0.1553
*nhsp—*hs. —0.4161 0.4161-0.4783
4115/2—4[15/2 —0.4996 0.6180-1.3582
Appendix 2
The wavefunctions for the CF energy levels;(© O, D T; D Dy D Sy) are as follows:
*83/2(b) %%3%
11
(@) | 722 Q)
*Foa(e)  (0.1677—0.0226)|5 533) + 0.98565 333)
(d) (0.6907+ 0.0644)|% 133) 4+ (0.6692+ 0.02 09)[3-333)
37333
+026565 333)
()  (0.4250+0.1503)|% 333) + (—0.6746—0.1353)|3. 33 3)
37333
(b) (0.9768—0. 1315)|3 333)—016923-323)
(@) (—0.5461—0. 1318)|%%§g + (0.2645+ 0.0917))| %ggg
37333
+05687% 333)
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Appendix 3

The group-chain scheme calculation gfvalues of Stark sublevels of €r: LiYF, is as
follows.

\/‘ 9 17
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where C; (i = 1,2,3,4) is the linear coefficient of the corresponding group-chain
wavefunction, andC;; (i, j = 1,2,3,4) = C/C; + C; C;.
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